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Abstract

A principal designs a performance rating to motivate effort from agents with
career concerns and private information about their ability. The market infers ability
from the rating, and its beliefs determine agents’ future wages. More informative
ratings motivate agents by making wages more responsive to effort, but they also
reveal more about ability, reducing the wage premium essential to inducing effort
from low-ability agents. The optimal rating scheme resolves this trade-off through
randomization: under mild conditions, if the cost of effort is strictly convey, it always
overrates low-ability agents by partially pooling them with higher-ability agents.
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“Our compensation is prestige,” said a former pre-doc. “It’s rec letters.”

“The implicit assumption is that the pre-doc who's spending all their time at
their desk is the one that’s going to have the better letter of rec.”

—The Chronicle of Higher Education (Gluckman and Diep, 2023)

[W]e rarely see weak recommendation letters from predocs. Most letters are
glowing recommendations|. .. ] As such, they provide very little information—
and we must weigh them accordingly.

—Department of Economics, Northwestern University'

1 Introduction

Consider an employer who wants to induce effort from employees with career concerns,
in the sense that their future wages depend on the market’s beliefs about their ability.
Employees privately know their ability and choose effort to influence market beliefs, as in
Spence (1973). The market cannot observe effort directly, and effort-based compensation
is infeasible for the employer. Instead, the employer designs a performance rating that
conveys information about employees’ effort. The market then infers their ability from
the rating and sets wages to the expected ability.

Predoctoral research programs are a natural example: recommendation letters mo-
tivate research assistants who receive fixed compensation and want to signal ability to
graduate programs. Recommendation letters are also explicitly offered as compensa-
tion for unpaid internships, according to a report by The Boston Globe (Schorr, 2014).
Similar dynamics arise for law firm associates, medical residents, and banking analysts,
whose performance evaluations convey information about their ability to internal or
external labor markets. Moreover, the same logic may arise in schools where teachers are
concerned with human capital formation and students with ability signaling (Zubrickas,
2015).

In practice, performance ratings can be quite uninformative. Recommendation
letters for predocs, for example, are often glowing and may overstate candidates’ ability.
Performance evaluations in internships and apprenticeships can be noisy, and grade
inflation is common in schools. In experiments with student evaluators, Wang et al.
(2010) find that raters inflate the ratings of poorer performers when their goal is to
motivate future performance.

“Do You Need a Predoc to Apply?” https://economics.northwestern.edu/graduate/prospective/
predoc.html.
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What is the optimal performance rating? Rating design faces a trade-off in infor-
mativeness. To motivate agents, ratings must make market wages responsive to effort.
However, because effort is chosen by agents who privately know their ability, greater
responsiveness also reveals more about ability. This reduces the wage premium for
low-ability agents and thus weakens their incentives to exert effort. To see this, an agent’s
reservation wage equals the lower bound of the ability distribution, and his expected
wage premium is the difference between his expected wage and this lower bound. This
premium is essential to inducing effort from low-ability agents when transfers are un-
available. In particular, if the rating fully reveals ability, the lowest type receives zero
wage premium and therefore exerts no effort.

I show that the optimal rating scheme resolves this trade-off through randomization.
With strictly convex effort costs, every optimal scheme randomizes and overrates agents
at the bottom under mild conditions.? Here, overrating means partially pooling these
agents with higher-ability agents so that they receive expected wages above their own
ability, even though the market correctly interprets the rating rule and sets wages to
expected ability conditional on the rating. Randomization allows additional effort to
improve the chances of receiving a favorable rating, thereby sustaining low types’ wage
premiums while still rewarding effort. Under the mild conditions above, this flexibility
raises total effort beyond what any deterministic rating can achieve. More broadly, the
optimal rating scheme can be quite uninformative about the agent’s ability and may
never fully reveal any agent’s ability.

While the literature has restricted attention to deferministic ratings and shown that
pooling arises in the optimum, my result implies that deterministic pooling alone cannot
resolve the trade-off when costs are strictly convex. Among deterministic ratings, full
revelation is still suboptimal under the mild conditions above, but total pooling may
be optimal in some cases, which correspond to the extreme case in which performance
ratings are totally uninformative about ability.?

To study the optimal rating scheme, I formulate a direct mechanism consisting of
an effort schedule and an interim wage schedule—the agent’s expected market wage
conditional on his type. I show that an incentive-compatible and individually rational
direct mechanism is implementable by a rating scheme if and only if its interim wage is
majorized by ability in quantile space.* Because ability is exogenous, this characterization

2Specifically, the lower bound of ability and the density there are strictly positive, and the marginal cost
of effort is zero at zero effort.

30nce stochastic ratings are allowed, total pooling is never optimal, since the principal can always
improve on it by introducing a small probability of full revelation.

“This interim approach is similar to Saeedi and Shourideh (2026) and Xiao (2024), but the majorization



reduces the principal’s problem to optimization over the interim wage function subject
to the majorization constraint.

Strict convexity of the effort cost is crucial to randomization. With linear or concave
effort costs, the reduced objective is convex, so some optimum is attained at an extreme
point implemented by a deterministic rating (Kleiner et al., 2021). With strictly convex
costs, the reduced objective is strictly concave, and an optimal interim wage schedule
may instead require stochastic ratings. I use optimal control to derive necessary and
sufficient conditions for optimality.

The informativeness trade-off in this paper does not arise in other closely related
environments. In rating design with career concerns but without private information
(Rodina, 2020; Horner and Lambert, 2021), this trade-off does not arise: because a low-
ability agent does not know that he is low-ability, a wage premium is unnecessary to
induce effort from him. In rating design models where effort is productive instead of
signaling ability (Zapechelnyuk, 2020; Xiao, 2024), because effort raises the market wage,
the lowest type still exerts effort even when his ability is fully revealed to the market.
Consequently, the informativeness trade-off does not arise either, and deterministic
ratings are optimal for many distributions.® In contest design (Zhang, 2024; Goel, 2025),
agents’ reservation utility is usually set to zero, rather than the lower bound of the ability
distribution. Therefore, a positive expected prize can induce effort from the lowest type
even if it does not exceed his ability and leaves him with zero premium.

This paper is the first to characterize optimal rating schemes under ability signaling
that allow for strictly convex effort costs or randomization. This literature has focused
on linear effort costs and deterministic rating schemes (e.g., Rayo, 2013; Dubey and
Geanakoplos, 2010; Zubrickas, 2015; Onuchic and Ray, 2023; Goel, 2025).° Rayo (2013)
characterizes effort-maximizing deterministic rating schemes when effort costs are linear.
Zubrickas (2015) studies effort-maximizing deterministic grading schemes with convex
effort costs, but he focuses on the case in which the market does not observe the grading
rule and incorrectly interprets grades according to an exogenous mapping from ability
to grades.” More recently, Onuchic and Ray (2023) study the optimal deterministic
rating when the sender and receiver have different priors. Goel (2025) applies results

constraint here involves the exogenous ability rather than an endogenous variable.

SRelatedly, Harbaugh and Rasmusen (2018) study a trade-off between participation and informativeness
in a model where the market values the agent’s exogenous ability and the principal (i.e., the certifier) wants
to convey as much information as possible to the market.

6Camboni et al. (2025) also study a rating design model with ability signaling, but they allow for a
certification fee and study revenue maximization.

"Zubrickas (2015, Section 5) considers the case in which wages equal expected ability conditional on
the grade, but his Propositions 2 and 3 both require correction.



derived from a contest model to study effort-maximizing deterministic grading schemes
with linear effort costs. By contrast, I consider convex effort costs and stochastic rating
schemes, and I show that deterministic ratings are generically suboptimal when the cost
is strictly convex.

The paper is closely related to the literature on rating design under career concerns,
in which agents do not privately know their ability (Rodina, 2020; Hérner and Lambert,
2021). Horner and Lambert (2021) study a dynamic model and show that the effort-
maximizing rating is a linear function of past observations. In their model, the trade-off is
intertemporal: making wages more sensitive to current effort reveals more about ability
today, thereby weakening future career concerns. Here, by contrast, private information
leads to a trade-off across types: randomization dampens the sensitivity of wages to
effort, but it can strengthen low types’ incentives by raising their wage premium.

The optimal control method in this paper, which solves a mechanism design problem
with a majorization constraint, also applies to contest design (e.g., Moldovanu and Sela,
2001; Olszewski and Siegel, 2020; Zhang, 2024; Goel, 2025; Liu and Lu, 2026). My approach
can be applied to characterize the optimal prize structure in contests and extend results
in the literature, as discussed in Appendix C.

Finally, this paper contributes to the literature combining career concerns (Holm-
strom and i Costa, 1986; Holmstrom, 1999; Dewatripont et al., 1999) with signaling, in
which agents are privately informed about their own ability (Prendergast and Stole, 1996;
Chen, 2012; Chung and Es6, 2013; Chen, 2015).

2 Model

Players and primitives. The model has three players: a principal, an agent, and a
competitive market. The agent has a private type § € © = [0,0], where 0 < § < .
Types are drawn from the commonly known distribution £, which has a continuously
differentiable density f > 0 on O. Neither the principal nor the market observes the
agent’s type.

The agent chooses an effort level e > 0 and incurs a cost c¢(e) /6, where c: Ry — R, is
twice continuously differentiable, strictly increasing, strictly convex, and satisfies ¢(0) = 0.
Define ey« = ¢ '(6?), and, without loss of generality, restrict effort to the compact set
E = [0, emax].

The principal cannot use transfers and maximizes expected total effort.



Rating scheme and market wages. The principal publicly commits to a rating scheme
m: E — A(S), where S is a Polish signal space and = is a Borel Markov kernel. Thus,
7(- | e) is the distribution of the signal conditional on effort e. The scheme may condition
on effort but not directly on type. It is without loss to take S = © and assume s = E[0 | s].
The competitive market values the agent’s exogenous ability rather than his chosen
effort. After observing a signal s, it offers the posterior-mean wage w(s) = E[f | s|.
For a participating agent who chooses effort ¢, define the interim wage as

Wr(€) = Bgr(lo)[w(s)]-

The agent’s expected payoff is @, (e) — ¢(e) /0. Multiplying by # > 0, which does not affect
his choice, gives the scaled payoff u(e, §) = 60, (e) — c(e). If he does not participate, the
market observes s = @ and offers w(2). His optimal effort choice is then e = 0, since his
wage does not depend on effort.

Timing and equilibrium. First, the agent privately observes 6. The principal then
publicly commits to a rating scheme 7. Next, the agent chooses an effort level and
decides whether to participate. If he participates, the scheme generates s ~ (- | ¢);
if he does not participate, the market observes @. Finally, the market observes the
signal, updates its belief about 6 using Bayes’ rule whenever possible, and offers the
posterior-mean wage w(s) = E[6 | s].

The equilibrium concept is Perfect Bayesian Equilibrium (PBE). Because of the signal-
ing nature of the model, multiple equilibria can arise, so I focus on the principal-optimal
PBE. Under this equilibrium selection, the off-path belief following & assigns probability
one to the lowest type, which induces w(@) = 6. Hence, non-participation yields a scaled
payoff of 6 - 6.

Direct mechanisms. Consider a direct mechanism (e(¢), w(#)), consisting of an effort
schedule e: © — F and an interim wage schedule w: © — ©. Let U(6) := 6w(0) — c(e())
denote the indirect utility of type ¢. Because the outside option is type-dependent,
individual rationality requires U(¢) > 6 - 0 for every 6 € O. The following lemma charac-
terizes the necessary and sufficient conditions under which a mechanism is incentive
compatible and individually rational in this sense.

Lemma 1. A mechanism (e(0),w(0)) is incentive-compatible and individually rational if
and only if

o U:=0w(f) — ce(8)) > 6° (IR),



* U(0) = [, w(z)dz + U (IC-Env),
* w(#) is increasing.

Incentive compatibility also implies that e(0) is (strictly) increasing if and only ifw(0) is
(strictly) increasing.

Say that (e(6), w(#)) is feasible if there exist a rating scheme 7: F — A(S) and associ-
ated market beliefs that are Bayes-consistent under the effort schedule ¢, such that

w(@) = UA)W(G(G)) = ESNT((.‘E(Q))[W(S)], foralld € ©.

Lemma 2. An effort schedule e: © — E can be implemented by some rating scheme
m: B — A(S) if and only if there exists an interim wage schedulew : © — O such that the
direct mechanism (e(0),w(6)) is incentive compatible, individually rational, and feasible.

For an incentive-compatible mechanism (e(f),w(6)), both e and w are increasing.
Assume without loss of generality that both e and w are right-continuous on [¢, §) and
left-continuous at 6. The following theorem provides a necessary and sufficient condition
for feasibility.

Theorem 1. An incentive-compatible mechanism (e(0),w(0)) is feasible if and only if w(0)
is majorized by 0 in quantile space, that is,

/ew(x) dF(x) < /exdF(x), foralld c [0,0]
0 0

with equality at0 = 6.

Let MPS(6) denote the set of all increasing functions g : © — © that are majorized by 6
in quantile space. Then, the condition is equivalent to w(6) € MPS(#). In particular, when
restricted to deterministic rating schemes, w(6) must be an extreme point of MPS(6).



3 Optimal Rating Design

3.1 Principal’s Problem

The principal’s problem is

0
masx /9 e(0) AF(0) [P]
w: ©-0 &
0 0 -
subject to / w(z)dF(z) > [ xdF(z), with equality atf = 6 (MPS)
0 0
U = 0w(9) — c(e(9)) > 07, (IR)
w(#) increasing, (IC-Mon)
0
0w (0) — c(e(6)) / w(z)dz + U, forall 0 € [0, (IC-Env)
A

Substituting e(6) using (IC-Env), the problem reduces to an optimization over the single
function w(6), subject to the majorization constraint w € MPS(#).8 With linear costs, by
the extreme-point argument in Kleiner et al. (2021), deterministic rating schemes are
optimal. With strictly convex costs, however, the objective is strictly concave in w, so
nonextreme points of the majorization set can be optimal.

Lemma 3 (Existence). A solution to problem [P] exists.

3.2 Full Revelation

A rating scheme 7 is said to induce full revelation if it reveals each agent’s ability. The
induced mechanism (e,.(9), w,(0)), referred to as full revelation, is given by®

e (0) =t (92 ;QQ) o we(0) = 0.

Define the cost-adjusted virtual value by

6 1-F(6) 1
o) 1) E[c'<er<x>>

8This stands in contrast to Problem [P] in Xiao (2024), where the majorization constraint involves the
agent’s effort choice, so that problem cannot be reduced to an optimization over a single function.

9They are determined by the system of equations: @ (e,.(9)) = w,(8) = 0, W' (e.(9)) = ¢ (e,(8))/6 by (IC),
and e,.(9) = 0 by (IR).

J(0) =

xze}, (1)




which measures the virtual marginal return to raising the interim wage of type # under

full separation. Its first term, ﬁ = ¢! (0), is the direct increase in effort:

de 1 6

dw e=e;(0) UA)/(GT(Q)) C/<€7“(9>) '

Its second term captures the rent externality, as raising the interim wage around ¢
lowers the effort of higher types by increasing their information rent. To see this, consider
an increase of ¢ > 0in w(f) on [0, § + J]. By (IC-Env), this raises the utility of every higher
type § > 0+ 6 by 6. Holding their wages fixed, their effort falls by £ /¢ (e,.(d) ). Aggregating
across higher types, the total effort loss is

6(5/90 ;dF(x)

15 ¢(er())

Dividing by €6 f(¢) and letting § — 0 yields the second term in J..(6).

When J. is increasing, the wage dispersion generated by full revelation assigns
stronger incentives to the types with higher virtual returns. When J, is locally decreasing,
flattening the interim wage schedule by pooling or randomization can instead raise
expected effort.

The following proposition and corollary provide conditions for full revelation to be
optimal.

Proposition 2. Full revelation is optimal if and only if J.(0) is increasing.

Corollary 2.1 (Sufficient condition). Full revelation is optimal if I satisfies the monotone

hazard rate condition (i.e., % is increasing) and c satisfies

ey < (LAY

which holds if ¢ is decreasing and ¢’(0) < ¢(0)%/6.1°

Intuitively, this sufficient condition requires that the cost function is not too convex, so
that the direct effect of raising the wage of a type is not dominated by the rent externality
on higher types.

1%Note that, however, the condition never holds if ¢/(0) = 0 and 8(8) > 0.



3.3 Optimality of Stochastic Ratings

This subsection characterizes the optimal rating scheme in general. First, [ show that any
optimal rating scheme induces a continuous effort schedule.

Lemma 4. The optimal rating scheme induces a continuous effort schedule e(6).

Since any deterministic rating scheme except full revelation and total pooling induces
a discontinuous effort schedule, the continuity result implies that the optimal rating
scheme must involve randomization whenever these two schemes are not optimal.

The following lemma shows that J.() fails to be increasing at the bottom of the
distribution if the cost function satisfies an Inada-type condition ¢/(0) = 0, under the
maintained assumption that ¢ > 0 and f(0) > 0.

Lemma 5. If0f(0) > 0 and ¢/ (0) = 0, then J.(0) fails to be increasing on (0, 6,) for any
0, € (Q, é)

Hence, by Proposition 2, full revelation is not optimal if ¢/(0) = 0. Moreover, total
pooling is not optimal either, because introducing a small probability of full revelation,
which tilts interim wage w(f) toward ability # while preserving their mean, raises total
effort (see Lemma A.1). Hence, continuity of e implies that every optimal rating scheme
involves randomization.

Proposition 3. If¢'(0) = 0, then every optimal rating scheme involves randomization and
overrates agents at the bottom: w(0) > 0 in a neighborhood of 6.

Randomization is especially valuable at the bottom because full revelation gives
the lowest type the same wage as his outside option, w(f) = ¢, and thus induces zero
effort, ¢,(¢) = 0. Since ¢(0) = 0, the marginal effort response to an increase in the
interim wage, 0/c (e,.(6)), blows up as § — 6, while the associated effort loss for higher
types remains finite. Consequently, .J.(#) cannot be weakly increasing near the bottom,
and the principal therefore benefits from flattening the interim wage schedule at the
bottom: low types are sometimes pooled with slightly higher types and receive higher
expected wages. Stochastic ratings implement this flattening smoothly, preserving a
strictly positive marginal return to effort for every type.

The results imply that to motivate agents with career concerns, a predoctoral research
program, or apprenticeship employer, always benefits from partially pooling the lowest
types with higher types (i.e., “overrating”) rather than fully revealing their ability to future
employers. This is because, under full revelation, the lowest types anticipate that their
ability will be perfectly disclosed and therefore invest too little effort.

10



3.4 Characterization of Optimal Ratings

Now I provide a complete characterization of the optimal rating scheme using the Pon-
tryagin’s maximum principle.

The following theorem provides necessary and sufficient conditions under which a
mechanism induced by a rating scheme is optimal.

Theorem 4. Let (e(0),w(0)) be a feasible mechanism for Problem [P]. Let

Dw%—A(M@—xMF@)

Then, (e(0),w(0)) is optimal if and only if there exist absolutely continuous functions
andT, a right-continuous function A of bounded variation, and a multiplier v € L'(0©)
such that the following conditions hold.

1. Define the augmented Hamiltonian by
H = e(0) f(0) + A(0) [w(0) — 0]f(0) + T(0)w(0) +v(0)[fw(8) — c(e(0)) — U®B)] (2)

Costate and control equations hold almost everywhere:

o0H .
—%:—(07+Af+1“):u 3)
o0H .
—F = =T (4)
OH Lo

2. Complementary slackness conditions for (IC-Mon) and (MPS):

L<0, / jdw = 0 ©)
©.9]
dA <0, DdA =0 (1)
©.9]
3. Transversality conditions:
L) <0, TOU(E®) -0 =0 ®)
n(@) <0, p@)w(@) =0 9)
@) =0, u) =0. (10)



Remark 1. Sufficiency follows from the concavity of the Hamiltonian: H is affine in
(w, U, D) and concave in e if ¢ is convex.

Since a solution to Problem [P] exists and the conditions below are necessary, the
solution to the system of differential equations in Theorem 4 also exists, which can be
used to compute the optimal rating scheme.

Example 1 (Quadratic Cost). Assume c(e) = ¢?/2. Under full revelation, @, (¢) = v/e? + 6°
and e, (f) = /62 — 6. Consequently,

_ 4 _1_F(9) 22023 |«
JC(Q)_\/W 70 E[( 02) 20} (11)

Suppose that § > 0. Then, J.(-) can never be increasing on [0, 6], so the optimal rating
scheme must involve randomization. In particular, when F' ~ Unif[6, ], .J, is strictly
decreasing on (6, /20).

Using Theorem 4, the optimal rating scheme can be computed by solving the system
of differential equations. Figure 1 compares optimal ratings with full revelation when
F ~ Unif[1,2]. Optimal ratings give low types expected wages above their ability and

induce positive effort from the lowest type, who exerts no effort under full revelation.

Effort e(6)
Interim wage w(6)

J
034

0,~1.740
T

0,~1.740
1 12 1.4 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
Ability 6 Ability

(a) Optimal e* (b) Optimal w*
Figure 1: Optimal (e*, w*) when F' ~ Unif[1, 2]

Finally, note that the conditions § > 0 and ¢/(0) = 0 are necessary. First, in the limit

12



case where § = 0, we have ¢,(0) = 0, 0, (e) = ¢, and

1— F(0)
f(8)

By Corollary 2.1, J.(0) is increasing for distributions with monotone hazard rates, which

J.(0) =1— E[lz7!'| x> 6.

then implies that full revelation is optimal.

Alternatively, suppose that the cost function is instead c(¢) = fe + €?/2, so that
d(0) =0 > 0. Thene,.(#) = 0 — 0 and w,.(e) = e + 6, and J. is unchanged from above.
Hence, full revelation remains optimal for distributions with monotone hazard rates.

More generally, the optimal rating scheme can be less informative and may involve
deterministic pooling intervals. Appendix B.1 illustrates a case in which low-ability types
are abundant, and yet the optimal rating scheme reveals little about their ability, inducing
a pooling interval over which (e*, w*) remains constant.

3.5 Linear or Concave Costs

To compare with the literature, assume instead that c(e) is linear. Then, up to a constant
1-F(0)
f(9)
costs, effort is equivalent to a monetary transfer. The following result follows from Kleiner

etal. (2021).

factor, the cost-adjusted virtual value reduces to J () := 0 —

. Intuitively, with linear

Proposition 5. Suppose that c(e) is linear. Then, deterministic rating schemes are optimal,
and full revelation is optimal if and only if J(0) is increasing.

If J is not monotonic, denote J(0) = f; J(z)dF(z) and let K(7) = conv J(F~(1))
denote its convex hull. A rating scheme that fully separates types if conv J = J and pools
types if conv J is affine is optimal.

Remark 2. The result is consistent with Rayo (2013), Zubrickas (2015), and Goel (2025).'2
Unlike them, however, the proposition does not restrict to deterministic rating schemes.

Finally, I consider concave costs. Maintain the assumption that ¢: R, — R, is
strictly increasing and satisfies ¢(0) = 0, but assume instead that c is concave with
lim._,~ c(e) > 6. Let C denote the set of all such functions.

cle)/0, 6>0,
Formally, assume a type-6 agent’s cost is given by C(e, ) = < 0, f=0ande=0,
+00, f=0ande > 0.

12In Goel (2025), types are parameterized as 1/6; the results are consistent once types are reparameterized
accordingly.

13



Proposition 6. Suppose that ¢ € C is concave. Then, deterministic rating schemes are
optimal. Full revelation is optimal for any c € C if and only if f is increasing.

4 Discussions

I conclude by discussing some implications. The paper offers an explanation for why
many performance ratings, such as recommendation letters, which are designed to
motivate effort, end up revealing little information about the agents’ effort or ability.

Although the optimal rating scheme generally involves randomization, in some ap-
plications, the principal may be restricted to deterministic rating schemes. Even then,
full separation cannot be optimal under the condition that §f(¢) > 0 and ¢/(0) = 0. In
contrast, total pooling may be optimal among deterministic rating schemes.!® This
corresponds to the case where ratings reveal (almost) no information about the agents’
ability, with all agents receiving the same signal, and hence the same market wage E[6],
provided their effort reaches a required threshold.

Moreover, increasing the lower bound of the ability distribution does not always
raise total effort. For example, with quadratic costs and a uniform ability distribution,
total effort is single-peaked in the dispersion of abilities, as measured by the ratio of
the distribution’s lower to upper bound. Intuitively, restricting the population to a more
selective range of abilities has two opposing effects on total effort. On the one hand,
it can raise total effort, since higher types face a lower marginal cost of effort. On the
other hand, as the employer becomes more selective, its ratings become less valuable
to its employees, because the market already knows that even the lowest type is strong.
Therefore, employees with career concerns have weaker incentives to exert effort. This
offers a rationale for why internships, apprenticeships, and schools recruit from a wide
range of abilities rather than admit only the most talented candidates.

I3precise statements and proofs are provided in Appendix B.2.

14



A Proofs

A.1 Proof of Section 2

Proof of Lemma 3. First, the full revelation scheme (e,, w,) satisfies all constraints of
problem [P], so the feasible set of [P] is nonempty.

Let V* be the supremum of the objective over all admissible pairs. Sincee € F =
[0, emax), V* < 00. Choose an admissible sequence (e,,, w,,) whose objective values con-
verge to V*. By Lemma 1, both e,, and w,, are increasing and take values in the compact
sets £ and O, respectively. Helly’s selection theorem therefore yields a common sub-
sequence converging pointwise on © to increasing, F- and ©-valued functions e and
w.

By continuity of ¢,
U, = Bwn() — c(en(8)) = U = duw(@) — c(e(8)).

Pointwise convergence and continuity of ¢ preserve the pointwise terms in (IR) and
(IC-Env), while bounded convergence preserves the integral terms in (IC-Env) and (MPS).
Hence, (e, w) is admissible.

Finally, bounded convergence gives

/@ en(0) AF(0) — /@ e(0) dF(0).

Thus, (e, w) attains V*. O

Proof of Theorem 1. Necessity. Suppose that the mechanism is implemented by a rating
scheme, and let s € S = © denote the induced score. Under the normalization s = E[f |
s, w(f) = Els | 0]. Hence, for every convex function ¢, conditional Jensen’s inequality
gives

Elp(w(0))] = E[p(E[s | 0])] < E[p(s)] = E[p(E[f | s])] < E[p(0)].

Moreover,

Thus w(0) <. 6. Since w is increasing, the quantile characterization of convex order
yields

0 7
/ w(z)dF(x) < / xdF(z)
0 (%
for every 6 € ©, with equality at 6 = ¢.
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Sufficiency. Suppose that the majorization condition holds. Incentive compatibility
implies that both e and w are increasing. It also implies that w is constant on every level
setof e: if e(f) = e(#'), the two incentive constraints imply w(6) = w(¢').
Let
T := F(0) ~ Unif]0, 1], I(t) = F7H(1),

and define
Choose the canonical increasing function A, constant on every level set of ¢, such that

A(T) = E[(T) | e(T)].

Thus A(t) is the mean type among agents choosing e().
We first show that w < A in the majorization order. Define

If 2 is an endpoint of a level set of ¢, then {7" > 2} is measurable with respect to ¢(7"), up
to a null set. Consequently,

/ A(t) dt = E[A(T)Lgron] = E[0(T)Liren] = / (1) dt.

The assumed majorization condition therefore gives D(z) > 0 at every such endpoint.
On the interior of each level set of ¢, both A and w are constant, so D is affine. It follows
that D(z) > 0 for every z € [0, 1]. Finally,

where the second equality follows from the majorization condition at §. Hence, w < A.
By Kleiner et al. (2021, Proposition 1), there exists a probability measure )\, concen-
trated on ext MPS(A), such that

w:/hA(dh) in L'([0, 1]).

Choose the canonical monotone representative of every h. By Kleiner et al. (2021, The-
orem 1), every such % equals A outside a collection of disjoint intervals and, on each
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such interval, equals the average of A over that interval. In particular, these functions are
uniformly bounded.
The function

tis /h(t) A(dh)

is therefore right-continuous on [0, 1) and left-continuous at 1, by dominated conver-
gence. Since it agrees almost everywhere with the canonical representative of w, it agrees
with it everywhere:

w(t) = /h(t) A(dh) foreveryt € [0, 1].
The interval-average characterization also implies that
E[A(T) [ A(T)] = W(T)

for A-almost every h.

For z € ¢(O), fix a Borel kernel K (z,-) representing the conditional distribution of
T given ¢(T) = x, chosen as follows. The kernel is normalized Lebesgue measure on a
nondegenerate level set and is the point mass at ¢t when the level set is the singleton {¢}.
Because ¢ is monotone, its level sets are intervals and this selection may be made Borel.
Extend K arbitrarily outside ¢(O).

For each Borel set B C ©, define the rating scheme by

/ / 1p(h(t)) K(x,dt)A(dh), = € e(O),
7T<B ‘ LL’) — ext MPS(A) J[0,1]

15(0), x ¢ e(0).

Equivalently, after observing an on-path effort z, the scheme draws

independently and reports only the numerical score s := H (f) € O. For canonical
monotone representatives, the evaluation map (h,t) — h(t) is Borel, so this construction
defines a Borel rating scheme.

Under the equilibrium effort schedule,

T ~ Unif[0, 1], ¢(T) =&(T) almost surely.
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Because T and 7 are conditionally independent copies given ¢(7'), and H is independent
of both,
E[Y(T) | H,T] = A(T).

The truthful-filter identity for H therefore implies
E[0 | H,s] = E[Ew(T) | H, T ‘ H, s] — E[A(T) | H, H(T)] = H(T) = s.

Taking conditional expectations once more gives E[f | s] = s, so the numerical score is
Bayes consistent.
Finally, for every ¢ € [0, 1],

IEIECE /[ ; (/ nryxam) et ar)

_ /[0 PR, dr) = 3(0) = w(o(0),

The penultimate equality follows because K (¢(t), -) is concentrated on the level set of
€(t), on which w is constant. Thus the constructed rating scheme implements w(6) for
everyf € O. ]

A.2 Proof of Section 3

Rewrite the constraints in [P] as

Ow(6) — c(e(9)) — U(H) =0 (A.1)
D(#) > 0 (MPS) (A.2)
D = (w(8) — 0)f(6) (A.3)
U =w(h) (A.4)
w increasing (w > 0 if it exists) (A.5)
U(®) > 6* (IR), e(8) >0, D(6) =0, (A.6)
U(f),w(d) free, D(F) = 0. (A.7)

Define the augmented Hamiltonian by

H=1¢e(0)f(0)+A0)[w(@) —0]f(0) +T(0)w(@) + ~v(8)[0w(0) — c(e(F)) — U(8)] (A.8)
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where ¢ is the control variable; U, w, D are the state variables, and I, i, A are the costates
associated with them, respectively; ~ is the Lagrange multiplier on (IC-Env).

When w is piecewise absolutely continuous with finitely many jumps and A is abso-
lutely continuous, Theorem 4 (Pontryagin maximum principles) follows from Theorems
10.3.1 (necessary conditions) and 10.3.2 (sufficient conditions) in Léonard and Long
(1992) by using « as control and A = —A as the Lagrangian multiplier on (MPS). This
generalized formulation, however, allows an arbitrary w and A of bounded variation.
Then, Theorem 4 follows from an adaptation of Libgober and Xiao (2026, Theorem 2); its
proofis omitted.

Proof of Proposition 2. The necessary and sufficient conditions in Theorem 4 imply

v(0) = /6) , T(0) = _/0 C/(J;E:zi)) dz,

In the separation region, where w = 6 is strictly increasing, the conditions imply yz = 0,
v+ Af +T =0, and thus

0v(6) + T'(0) 7 fe x)/d (e, (x))dx
—A(9) = = = J(Ole,). (A.9)
D=7 T eem) 70 e
Dual feasibility for (MPS) requires — dA > 0. If J(f|e,.) is not increasing in 6, dual feasibility
is violated. Hence, full separation is not optimal.

If J(0le,) is increasing, then — dA > 0, and all sufficient conditions in Theorem 4 are
satisfied. Hence, full separation is optimal. O

Proof of Corollary 2.1. It suffices to show that

0 1-FO)
10 = e @)~ T EL/(

is increasing. Under the condition on ¢, we have

i) — O =P 0)

>
' [¢(er (0))° -
Thus, the first term ——* EIER )] (9)) = ¢/ (0) is increasing.
Define
r(0) = L= (o) > 0, g(0) = L m(0) :=E[g(z) |z >60] >0




The monotone hazard rate condition implies 7'(#) < 0. Moreover, g is decreasing because
cis convex and e, is increasing. Therefore,

since m(#) < g(f). Consequently,
—(r(@)m(8)) = — [ (0)m(8) + r(0)m'(6)] > 0.

Thus, the second term is also increasing, so J.(f) is increasing.
Finally, suppose that ¢” is decreasing and ¢’(0) < ¢/(0)?/6°. For every e > 0,

[(e)]” = [¢'(0)]" +2 /0 () (s)ds = (O + 2e(e)e’(e) > (2¢(e) + %) "(e).

Setting e = ¢, () and using 2c(e,.(0)) + 6? = 62 yields

ey < (LAY

which establishes the final claim. O

Proof of Lemma 4. 1 first show that an optimal w cannot have an interior jump. Substi-
tuting e = ¢ !(fw — U), the maximized Hamiltonian is given by

H(w,U, D) := Hl}}anH =c (0w —U)F(O) + AD)[w(®) — 0 f(0) +T(0)w(H)
Because c is strictly increasing and strictly convex, its inverse ¢! is strictly concave. It
follows that the maximized Hamiltonian H" is strictly concave in w. By Léonard and Long
(1992, Theorem 10.2.3), because the price of a jump p = 0, an interior jump in the state
variable w cannot be optimal. Hence, the optimal w* must be continuous on (6, ).

At any 6,, U is continuous, So

c(e(Bg+)) — c(e(Bo—)) = Oo[w(bo+) — w(by—)].

Since c is strictly increasing, e has a jump if and only if w has a jump. Therefore, the
optimal e* must also be continuous on (4, ). O
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Proof of Lemma 5. Recall that

9 A
0 = G o) T 70 | e, () )

First, consider the first term. For every 6 € (0,6], differentiating the full-separation
condition and using the (IC) gives

ey () = ——.

It follows that e, is continuous and strictly increasing on [, 0], continuously differentiable
on (6, 0), and satisfies e,.(9) — 0 as 6§ | 0. Therefore, because ¢(0) = 0 and ¢ > 0,

0

lim ————— = +o0.
b e, 0))

Now consider the integral term in J.. The change of variables z = e, (z) gives dz =
rdx/d (e, (z)). Moreover, c(e,(x)) = (22 — 6*)/2 implies x = /6 + 2¢(z). Hence

/99 L dF(x)Z/:T(O) f( QZHC(Z)) dz.

(er(z)) r(0) 0% 4 2¢(z)

The integrand is nonnegative and bounded above by max, 5 f(z)/0. Since e.(¢) | 0,
monotone convergence shows that the preceding integral has a finite limit as 6 | 6.
Because f(6) — f(8) > 0, the second term in J,.(f) also has a finite limit. Consequently,
lim J.(f) = 4o0.
619
Fixany 0, € (6,0). Then, ¢,.(0;) > 0, so strict convexity and ¢/(0) = 0 imply ¢/ (e,.(6,)) >
0. Thus, J.(#,) is finite. Since J.(f) — +oo as ¢ | 6, there exists §, € (6, 6,) such that
J(0p) > J.(61). Therefore, J. is not weakly increasing on (0, 6). O

Proof of Proposition 3. Part I: Full separation is not optimal. By Lemma 5, J.(0) is not
increasing on (¢, 0,) for any 6, € (6,60). Hence, by Proposition 2, full separation is not
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optimal.
Now I show that total pooling is not optimal either.

Lemma A.1. Total pooling is never optimal (among stochastic rating schemes).

Proof of Lemma A.1. Under total pooling, w,(f#) = E|[f] for every ¢. Binding individual
rationality and (IC-Env) imply that all types choose the same effort ¢, determined by

c(eo) = (E[0] — 0)0

Fore € (0, 1), consider the feasible wage schedule
w:(0) = (1 —¢) E[0] + <6,

which is a convex combination of total pooling and full separation. Binding lower-type
individual rationality and (IC-Env) imply

cle0)) = (Bl0) - 00+« [ —omp]|
Therefore,
d 1 [+ E[(0 — 0)’]
d—gE[eg(Q)] B = 7len) E { 5 —QE[G]] = 27(eo) > 0.

Hence, total pooling can be strictly improved upon by a feasible stochastic rating scheme.
O

Now suppose, toward a contradiction, that an optimal rating is deterministic. Then,
w must be an extreme point of MPS(#). By Kleiner et al. (2021), w(f) = 6 outside a
collection of pooling intervals and is constant on each pooling interval. Because neither
full separation nor total pooling is optimal, w must contain a nondegenerate pooling
interval 7, S [0, 0]. But then, I, has at least one endpoint in (¢, ) and creates an upward
jump in w at an interior endpoint, contradicting the continuity of w. Therefore, no
deterministic rating can be optimal. By Lemma 3, an optimal rating scheme exists and
therefore must be nondeterministic.

Part II: w(6) > 6 in a neighborhood of 0. 1 show that w(f) > 6 because w is increasing.
Suppose, toward a contradiction, that w(¢) = 6. Individual rationality gives

0% — c(e(9)) = U(0) = ¢,
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so e(f) = 0. By the right-continuity convention, ¢(¢) — 0 as ¢ | 6. The necessary
conditions in Theorem 4 imply, almost everywhere,

0/(9)
c(e(0))

Because A has bounded variation and I" is absolutely continuous, Af + I' is bounded.

~ju(0) =

+A(0)f(0) +T(0).

Meanwhile,

0/(9)

——— — 400 as6 |0,

c(e(9))
using 6f(¢) > 0 and ¢(0) = 0. Consequently, /t < —1 almost everywhere on some interval
(0,6 + ¢). Since p(6) < 0, we have

(@) <0 foreveryd € (0,0 +¢).

Complementary-slackness for (IC-Mon) implies that dw = 0 throughout this interval.
Right-continuity at ¢ therefore gives w(¢) = 6 there. This violates (MPS), since

0 0
/ (w(x) —z)dF(x) = / (0 —x)dF(z) < 0.
9 0
Thus w(#) > 6. Finally, monotonicity immediately yields
w(f) > w(d) > 6 whenever 0 < 0 < w(0).

Hence, w(#) > 6 in a neighborhood of 6. O

Proof of Proposition 5. When c(e) is linear, one can substitute (IC-Env) into the objective
as if e(0) is a transfer. The problem becomes

max(e)/e J(O)w(0)dF(0) — 6

weMPS

The corollary then follows from (Kleiner et al., 2021, Proposition 2). O

Proof of Proposition 6. For any wage schedule w, define

Sw(0) := Ow(h) —/9 w(zr)dr — 62, R(u) := “ ;Q .

Under full revelation, w,(8) = 6 and e, (0) = ¢! (R(6)).
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Sufficiency. Suppose f is increasing, and fix ¢ € C. Consider any feasible allocation
(e,w), and let

0
D(6) ::/0 (w(x) —z)dF(x).

By (MPS), D > 0 and D(0) = D(#) = 0. Integration by parts yields

’ — Tr = OL T 7% ' T fl(m) X
/e(w@) )d _/9 7y 42 )_f(9)+/e D) e dr 20

Consequently,

R(w(6)) — s.(0) = w<9)2—g - <9w(9) —/9 w(z) dz —Q2>
- (w(9)2— 0)° + /O(w(x) —x)dx > 0.

Moreover, (IC-Env) and (IR) imply c(e(9)) < s, (0). Because ) := ¢! is increasing and
convex, we have

e() < P(R(w(9))).

Because w =< 6 (in the majorization order) in quantile space and ¢ and R are increasing
and conveyx, the Fan-Lorentz inequality implies E[¢)(R(w(f)))] < E[+(R(0))], and hence

/@ e(6) dF(6) < / (R(w(8))) dF(6) < / B(R(9)) dF(6) = / ,(6) AF(9).

Therefore, full revelation is optimal.

Necessity. Suppose f is not increasing. Since f € C', there exists [a,b] C (0,6) on
which f is strictly decreasing. Consequently,

m—E[|0c [a,b]}:m/ rdF(z) < a‘;b.

Let w, pool [a,b) at m and reveal elsewhere. This wage schedule satisfies (MPS) and
(IC-Mon). With binding (IR), its cost index satisfies

5u,(0) = R(0)+6 for0>b  0:=(b—a) (“;b—m> > 0.
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Continuity of R implies

A= / (5,(0) — R())" dF () > 0.
Q)
For any M > 0, define
Uur(s) == s+ s+ M(s — R(0))2, forall s > 0.

Each v, is twice continuously differentiable, strictly increasing, strictly convex, and

unbounded, with +,,(0) = 0. Hence, c); := v,; € C. In particular, ¢, (0) =1

Since R(¢) < R(0), we have

= _1
¥ (0)

/@ (Va1 (5w, (0)) — Va(R(8))) AF(0) = / (5w, (0) + $u,(0)* — R(0) — R(0)*] dF(0) + MA.

)

Thus, for sufficiently large M, the feasible allocation induced by w, strictly outperforms
full revelation under c¢;; := @b;j, proving necessity. O

B Additional Examples and Results

B.1 Additional Examples

The following example shows that the optimal rating scheme may feature a pooling
interval even when the cost function is quadratic.

1+11(2—-6)1°
2

© = [1, 2], which is strictly decreasing. Figure B.1 plots the optimal (e*, w*) for this case,

Example B.1 (Little Information Revealed). Assume c(¢) = ¢?/2 and f(0) = on

which is quite flat at the bottom and features a pooling interval.

Example B.2 (Quadratic Cost with f(0) = 0). Let© = [1,2], c(e) = €?/2,and f(#) = 2(0—1).
Then f(1) =0, ¢(0) =0, and ¢, (#) = v/6? — 1. Direct calculation gives

p
o VB VT log( )
02 —1 0—1

Je(0) =

Thus, J. is strictly increasing on (1, 2), despite ¢ > 0 and ¢/(0) = 0.

The following example shows that strict convexity of ¢ is necessary for the randomiza-
tion result.
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Effort e(6)

Interim wage w(6)

Ability 6 Ability 6

(a) Optimal e* (b) Optimal w*

Figure B.1: Optimal (e*, w*) when F'(0) = % (pooling interval shaded)
Example B.3 (Linear Cost). Assume c(e) = e. Under full revelation,

by(e) = /2 + 62, en(6) = %(92 — ).

Full revelation is optimal if and only if .J () is increasing.

B.2 Additional Results

Proposition B.1. Suppose that ¢ (0) = 0. If f is decreasing, ¢ is increasing, and 6 <
then total pooling is optimal among deterministic rating schemes.

W ot

9,

Proof. For a fixed wage schedule w, the lowest type’s participation constraint binds.
Hence, define

Cyw(0) := ow(f) — §° — /jw(t) dt,

so that c¢(e,(0)) = C,(0) and dC,,(0) = 0 dw(6).
First suppose that c(e) = €?/2, and consider the two lowest grade cells,

[Qu 01] and (917 62]7

with posterior means m; and m.. Let

o= 0 = mg — my.
Merging the cells gives the posterior mean m, = am; + (1 — a)ms.
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Because f is decreasing, F'is concave. Therefore,

th—0
>
T 0—0

For the second inequality, let Q(s) = F~'(sF(6,)). Convexity of Q gives Q(as) — 6 <
a[Q(s) — ¢]; integrating over s € [0, 1] yields the result.

Set
7___91—Q 5__77”61—@
=5 =
Since § — 0 < §/4, (B.1) implies
1
OSTSZ, a > AT, 0<¢<a

Let Cy, Cy, and (5 be the cost requirements on the first cell [0, 6;], the second cell
(01, 05], and the merged cell [0, 6,]. Direct calculation gives

Cy Cy Cia

Moreover,

E41—0—[avE+Q-a)ErTir]
=(-a){alVE+T+7 -V -7} >0

Indeed, the square-root difference is decreasing in £, while

m—\@zm—\/&z\g,

where the last inequality follows from

Thus,

VCi2 2 a/Cr+ (1= a)V/Co.

Since quadratic-cost effort equals v/2C, merging the two cells weakly raises their condi-
tional expected effort.
The merger also weakly raises effort above 6,. If @ is the merged schedule, then, for



6 > 92,
Ca(0) — Cu(0) = [a(02 — 0) — (61 — 0)] 6 = 0.

The merger preserves monotonicity because m» € [m;, m»|. Repeatedly merging the two
lowest grades therefore shows that total pooling dominates every finite-grade determin-
istic scheme. Approximating an arbitrary deterministic scheme by finite coarsenings
extends the result to all deterministic schemes. Consequently,

E[\/2Cw(0)] < \/20(E[0] - 0). (B.2)
Finally, define
o(2) == c1(2?/2).

Because ¢(0) = 0 and ¢’ is increasing,

[d(e)]? =2 /06 d(s)"(s) ds < 2¢(e)d”(e),

SO
[ ()] — 2¢(e)"(e)

¢'(z) = [ (e)]? <0, e=c(2°/2).

Thus, ¢ is increasing and concave. Jensen’s inequality and (B.2) imply

Ele,(0)] < ¢ (O[E[0] - 9]).

Total pooling also attains this bound, since it induces the constant effort e, := ¢~ (9(E[0] —
0)). Hence, total pooling is optimal among deterministic rating schemes. O

Proposition B.2. Suppose that0f(0) > 0 and ¢/(0) = 0. Then, full revelation is never
optimal among deterministic rating schemes.

Proof. Suppose, toward a contradiction, that full revelation is optimal among determin-
istic rating schemes. Fix 6 € (¢, 6) and, for sufficiently small 4 > 0, pool [0 — h, 6 + h] at
its conditional mean while revealing every other type. Let ¢;, denote the induced effort
schedule with binding bottom participation.

The envelope condition and a Taylor expansion at ¢ give

f(O)n’ 0% (e (0))

/H (eh(t) — er(t)) dF(Zf) = — 3 2Jé((9) + W + O(h )
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Optimality therefore requires
2J.(0) + —:3 >0  foreveryf e (6,0).

By the definition of J. and the identity ¢ (e,.() )e..(0) = 6, this is equivalent to monotonicity
of the function

0 2 /9 dF(t) /9 dt
0 — / B / o o ($))
c(er(0))  f(0) Jo Cer(t)) Jo clen(t))
However, this function diverges to +oc as ¢ | . Indeed, e, (#) — 0, ¢(0) =0,and § > 0
imply
— +00.

b
c'(e,(6))

Meanwhile, using c(e,.(t)) = (t> — 6*)/2, the change of variables z = e, (t) yields

< Q.

/(77 dt _/er(é) dz < er(6)
D TD e e !

Since f is continuous and f(¢) > 0, both integral terms in the preceding function remain
bounded near 6.

Thus that function tends to +oo at the lower endpoint but is finite at every interior
type, contradicting its monotonicity. Full revelation therefore cannot be optimal among
deterministic rating schemes. O

Let F; be a distribution with support [0, §] and a continuously differentiable density
fo > 0. For each cutoff ¢ € (0,0), let F be F;, conditional on § > ¢, that i,

Fo(0) — Fo(0)
Fy(0) = RO

Let V(6) denote the optimal expected effort under Fj.

Proposition B.3. Suppose that c(0) = 0, c(e)’(e) < [d(e)]?, and that f, is increasing. Then,
V(0) is nonmonotonic in 6.

Proof. First consider ¢ = 0. Under full revelation,

s -(2)
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The associated cost-adjusted virtual value is

Because

differentiation gives

2([ (e ON] — cles@)(&0)  f1(6) [° dFy(a)
* /ec«ea(x))ZO‘

[ (e5(0))? fo(0)?

Thus, Proposition 2 implies that full revelation is optimal when # = 0. Therefore,

V(0) = /09 c! (%2) dFy(6) > 0.

Now consider 6 > 0. Full revelation remains feasible and induces

ey(0) = 0_1(92 ;QQ).

V(9) > 1_;%@/:51(92 ;QQ) dFy(6).

/; ¢ (82 §Q2> dFy(6) = V(0) + o(9).

To see this, set z = /62 — 6°. The integral becomes

N N
[ @) lVer) e

0

J.(0) =

Consequently,

Asf |0,

Relative to the expression for V(0), the change in the density contributes O(6?|logf)|),
and the change in the upper endpoint contributes O(#*). The Jacobian contribution is
o(6) because ¢! (z?/2) — 0 as x | 0. This proves the expansion.
Moreover,
1—Fy(8) =1— fo(0)8 + o(8).
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It follows that
V(0) = V(0) + fo(0)V(0)8 + o(6) > V(0)

for every sufficiently small § > 0.
Finally, under any feasible rating scheme, individual rationality and w(6) < § imply

c(e(8)) < 0(w(0) — ) < 3(6 - ).

Hence,
0<V(©@) <c'(0(0—0) -0 asf?ro.

Thus, V(0) > V(0) for sufficiently small positive cutoffs, whereas /(6) — 0 < V'(0) as the
cutoff approaches 6. Therefore, /(6) is not monotone. O

Proposition B.4 (Uniform-quadratic comparative statics). Suppose that c(e) = ¢?/2 and
F ~ Unif[d, 4]. The optimal expected effort is strictly single-peaked inr = /0 € (0, 1).

Proof. By homogeneity, normalize § = 1 and write
r=0¢€]|0,1).
Let x > 1 be the unique solution to
2k% — 2k% — 2k — 1 = 0. (B.3)

The uniform—quadratic solution gives

1 1
T {Aﬂz—i—/ Vo2 —r? dﬁl, 0<r<1/k,
—r
V(?"‘): RT
_ 3
! T, 1/k<r<1,
3
where
4 VK2 —1(k3—1)
" 3k2 '

It remains to show the following claim:

Claim 1. V(r) is strictly increasing inr on (0, r*) and strictly decreasing on (r*, 1) for some
r* e (0,1/k).

Proof of the Claim. Consider the first region. After the change of variables 6 = rz, let

31



y = 1/r and define

Then
V(r)=W(@1/r), W(y) := Yy > K.

The sign of W' (y) is therefore the sign of

R(y) =G (y)yly — 1) — G(y)(2y — 1).

We show that R crosses zero exactly once. Since G’ (y) = /y? — 1, direct differentiation
gives

(y— D> —2)
R”(y) == (yg _ 1)3/2 :
The polynomial in (B.3) is strictly increasing above 1 and is negative at v/2, so x > /2.
Hence
R"(y) <0  foreveryy > k,

and R is strictly concave.
At the left endpoint, (B.3) gives

(k—1)VK2—1
R(k) 52 > 0.
Moreover, ,
lo
Gly) = 5 - =2 +0(),
SO

R(y) :—%—FO(ylogy) — —00 asy — oo.

Strict concavity therefore implies that R has a unique zero y* > k, with
R(y) >0 forkx <y <y, R(y) <0 fory >y
Since y = 1/r is strictly decreasing in r, it follows that, for * := 1/y*,
V'(r)>0 for0<r<r*, V'(iry<0 forr* <r <1/k.

On the second region,
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and therefore
T2

V'(r)=——— < 0.

(") = =3y <0
The two expressions for I agree at r = 1/, by (B.3). Thus V is strictly increasing up to r*
and strictly decreasing thereafter. O
0

C Relationship to Contest Design

The optimal rating design problem [P] is isomorphic to the optimal contest design
problem in Zhang (2024). Let [C] denote the contest design problem, which can be
written in the same form as [P], with (MPS) replaced by

0 0
/ w(x)dF (z) > / Q(x) dF(x), with equality at § = 0, (Border)
0 0

where Q(z) := F" !(z), (IR) replaced by

U=0w@) —cle(d) >0, (IR

and (IC-Mon) and (IC-Env) constraints unchanged. Thus, the same optimal control
method can be applied to solve [C]: since Q) is strictly increasing, replacing (MPS) with
(Border) makes no difference to the argument; the change in (IR) only affects the bound-
ary condition. Indeed, the condition in Proposition 2 closely parallels that for winner-
take-all contests to be optimal in Zhang (2024).

Nevertheless, in general, the literature typically solves [C] by solving a relaxed problem
[C*] that omits the monotonicity constraint on w, and then verifying that the solution to
[C*] is increasing. To do so, a regularity condition on F' (see Olszewski and Siegel (2020,
Assumption 2)) and Zhang (2024, Assumption M) is usually imposed, which guarantees
that the solution to [C*] is strictly increasing.'* In contrast, my approach does not impose
such a condition, so the optimal w need not be strictly increasing—that is, the optimal
rating scheme can feature pooling intervals, as illustrated in Figure B.1.

Example C.1 (Optimal Contest Design with Pooling Intervals). Assume n = 2, c(e) = €2/2,
£(6) = HHE=9% on @ = [0,1]. Note that this violates Assumption 2 in Olszewski and
Siegel (2020) and Assumption M in Zhang (2024) because ¢ (0) = 0 and f’(6) < 0 implies

140lszewski and Siegel (2020) also conjecture that their results extend beyond their Assumption 2.
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that
2 fOL-F)
c(c71(1)) c'(0)£(0)?
However, Theorem 4 still applies, which shows that the solution to [C] features a pooling
interval, as illustrated in Figure B.1.
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Figure C.1: Optimal (¢*, w*) when F(§) = “=U=9" and n = 2 (pooling interval shaded)

When the cost is linear, the same equivalence holds, and the optimal contest de-
sign problem can be solved using the same methods as in Kleiner et al. (2021) as in
Proposition 5 (see also Liu and Lu (2026)).
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